Abstract. We show that all possible categories of Yetter-Drinfeld modules over a quasi-Hopf algebra H are isomorphic. We prove also that the category H H YD fd of finite dimensional left Yetter-Drinfeld modules is rigid and then we compute explicitly the canonical isomorphisms in H H YD fd . Finally, we show that certain duals of H 0 , the braided Hopf algebra introduced in [6, 7] , are isomorphic as braided Hopf algebras if H is a finite dimensional triangular quasi-Hopf algebra.
Introduction
Let H be a Hopf algebra with a bijective antipode. We can introduce left, right, left-right and right-left Yetter-Drinfeld modules over H, and it is well-known (see [2, 17] 
D(H) M of left modules over the Drinfeld double D(H).
It also known that the category of finite dimensional Yetter-Drinfeld modules is rigid, that is, we have left and right duality in this category. In [10] , Dijkgraaf, Pasquier and Roche introduced the so-called "twisted double" of a finite group, which is a Hopf algebra-type object D ω (G) associated to a pair (G, ω), where G is a finite group and ω is a normalized 3-cocycle on G; this object is not a Hopf algebra, but a quasi-Hopf algebra in the sense of Drinfeld [11] . The construction is similar to the quantum double, so it appears natural to try to define the quantum double of an arbitrary finite dimensional quasi-Hopf algebra, generalizing the Drinfeld double for Hopf algebras, and then to show that D ω (G) is such a quantum double. This has been done first by Majid in [15] ; he first computed the center of the monoidal category H M of left H-modules over the quasi-Hopf algebra H (we will denote this center by H H YD ∼ = H YD H and YD H H ∼ = H YD H of braided monoidal categories. As we will see, the proof is much more technical than in the classical case. In Section 3, we show that the category H H YD fd of finite dimensional (left) YetterDrinfeld modules is rigid; the left and right duals are constructed explicitly. In an arbitrary rigid braided monoidal category C, we have canonical isomorphisms M ∼ = M * * and (M ⊗ N ) * ∼ = M * ⊗ N * . In Section 4, we will compute these isomorphisms in the cases C = H H YD fd . If we then specialize to finite dimensional left modules over a quasitriangular quasi-Hopf algebra, we recover some results from [8] . Let B be a braided Hopf algebra, that is a Hopf algebra in H H YD fd . Then B * and * B are also braided Hopf algebras. In Section 5, we study the special case where B = H 0 , the braided Hopf algebra introduced in [6, 7] . In particular, we prove that * H 0 and H * 0 are isomorphic braided Hopf algebras if H is a finite dimensional triangular quasi-Hopf algebra. They are also isomorphic to the coopposite of the braided Hopf algebra H * introduced in [3] .
1. Preliminaries 1.1. Quasi-Hopf algebras. We work over a commutative field k. All algebras, linear spaces etc. will be over k; unadorned ⊗ means ⊗ k . Following Drinfeld [11] , a quasi-bialgebra is a fourtuple (H, ∆, ε, Φ) where H is an associative algebra with unit, Φ is an invertible element in H ⊗ H ⊗ H, and ∆ : H → H ⊗ H and ε : H → k are algebra homomorphisms satisfying the identities (id ⊗ ∆)(∆(h)) = Φ(∆ ⊗ id)(∆(h))Φ −1 , (1.1) (id ⊗ ε)(∆(h)) = h ⊗ 1, (ε ⊗ id)(∆(h)) = 1 ⊗ h, (1.2) for all h ∈ H. Φ has to be a normalized 3-cocycle, in the sense that
The map ∆ is called the coproduct or the comultiplication, ε the counit and Φ the reassociator. As for Hopf algebras [18] we denote ∆(h) = h 1 ⊗ h 2 , but since ∆ is only quasi-coassociative we adopt the further convention (∆ ⊗ id)(∆(h)) = h (1,1) ⊗ h (1,2) ⊗ h 2 , (id ⊗ ∆)(∆(h)) = h 1 ⊗ h (2,1) ⊗ h (2, 2) , for all h ∈ H. We will denote the tensor components of Φ by capital letters, and the ones of Φ −1 by small letters, namely
H is called a quasi-Hopf algebra if, moreover, there exists an anti-automorphism S of the algebra H and elements α, β ∈ H such that, for all h ∈ H:
S(h 1 )αh 2 = ε(h)α and h 1 βS(h 2 ) = ε(h)β, (1.5) X 1 βS(X 2 )αX 3 = 1 and S(x 1 )αx 2 βS(x 3 ) = 1. (1.6)
The antipode of a quasi-Hopf algebra is unique up to a transformation α → U α, β → βU −1 , S(h) → U S(h)U −1 , where U ∈ H is invertible. The axioms for a quasiHopf algebra imply that ε(α)ε(β) = 1, so, by rescaling α and β, we may assume without loss of generality that ε(α) = ε(β) = 1 and ε • S = ε. The identities (1.2-1.4) also imply that (1.7) (ε ⊗ id ⊗ id)(Φ) = (id ⊗ id ⊗ ε)(Φ) = 1 ⊗ 1 ⊗ 1.
Together with a quasi-Hopf algebra H = (H, ∆, ε, Φ, S, α, β) we also have H op , H cop and H op,cop as quasi-Hopf algebras, where "op" means opposite multiplication and "cop" means opposite comultiplication. The quasi-Hopf structures are obtained by putting
Recall that the definition of a quasi-Hopf algebra is "twist covariant" in the following sense. An invertible element F ∈ H ⊗ H is called a gauge transformation or twist if (ε ⊗ id)(F ) = (id ⊗ ε)(F ) = 1. If H is a quasi-Hopf algebra and
, then we can define a new quasi-Hopf algebra H F by keeping the multiplication, unit, counit and antipode of H and replacing the comultiplication, reassociator and the elements α and β by
It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism. For a quasi-Hopf algebra, we have the following statement: there exists a gauge transformation f ∈ H ⊗ H such that
where ∆ op (h) = h 2 ⊗ h 1 . The element f can be computed explicitly. First set
Then f and f −1 are given by the formulae:
Moreover, f satisfies the following relations:
Furthermore the corresponding twisted reassociator (see (1.9) ) is given by
In a Hopf algebra H, we obviously have the identity
We will need the generalization of this formula to the quasi-Hopf algebra setting. Following [12] and [13] , we define
For all h ∈ H, we then have:
where f = f 1 ⊗ f 2 is the twist defined in (1.13) with its inverse f −1 = g 1 ⊗ g 2 defined in (1.14).
Quasitriangular quasi-Hopf algebras. A quasi-Hopf algebra H is quasitriangular if there exists an element
Here we use the following notation. If σ is a permutation of {1, 2, 3}, we set
, and R ij means R acting nontrivially in the i th and j th positions of H ⊗ H ⊗ H. In [5] it is shown that R is invertible. The inverse of R is given by
for all h ∈ H. Consequently the antipode S is bijective, so, as in the Hopf algebra case, the assumptions about invertibility of R and bijectivity of S can be dropped. Moreover, the R-matrix R = R 1 ⊗ R 2 satisfies the identities (see [1] , [13] , [5] ):
is the twist defined in (1.13), and f 21 = f 2 ⊗ f 1 . In addition, a second formula for the inverse of R is
where
2 are the elements defined by (1.17) and (1.20). Finally, recall that a quasi-Hopf algebra (H, R) is called triangular if
Braided Hopf algebras.
A monoidal category is a category C with objects U, V, W etc., a functor ⊗ : C × C → C equipped with an associativity natural transformation consisting of functorial isomorphisms a U,V,W : (U ⊗ V ) ⊗ W → U ⊗ (V ⊗ W ) satisfying a pentagonal identity, and a compatible unit object 1 and associated natural isomorphisms (the left and right unit constraints, l V : V ∼ = V ⊗1 and r V : V ∼ = 1⊗V ). If C and D are monoidal categories, then, roughly speaking, we say that T : C → D is a monoidal functor if it respects the tensor products (in the sense that for any two objects U, V ∈ C there exists a functorial isomorphism Ψ U,V :
such that Ψ respects the associativity constraints), the unit object and the left and right unit constraints (for a complete definition see [16, p. 421] ).
Let C be a monoidal category. An object V ∈ C has a left dual if there exists an object V * and morphisms ev V :
There exists a similar notion of right duality. An object V ∈ C has a right dual if there exist an object * V ∈ C and morphisms ev
If every object in the category has a left and right dual, then we say that C is a rigid monoidal category. A braided category is a monoidal category equipped with a commutativity natural transformation consisting of functorial isomorphisms c U,V : U ⊗ V → V ⊗ U compatible with the unit and the associativity constraints in a natural way (for a complete definition see [14] , [16] ). If C and D are braided categories then a monoidal functor F : C → D is braided if, for any pair (U, V ) of objects of C we have
Then the category H M of left H-modules becomes a monoidal category with tensor product ⊗ given via ∆, associativity constraints a U,V,W , unit k as a trivial H-module and the usual left and right unit constraints. If H is a quasi-Hopf algebra then the category of finite dimensional left H-modules is rigid; the left dual of V is V * with the H-module structure given by (h · ϕ)(v) = ϕ(S(h) · v), for all v ∈ V , ϕ ∈ V * , h ∈ H and with
where {v i } is a basis in V with dual basis {v i }. The right dual * V of V is the same dual vector space now equipped with the left H-module structure given for all h ∈ H, v ∈ V and linear map ϕ on V by (h · ϕ)(v) = ϕ(S −1 (h) · v), and with
where we used the same notation as above. Now let H be a quasitriangular quasi-Hopf algebra, with R-matrix R = R 1 ⊗ R 2 . For two left H-modules U and V , we define c U,
and then ( H M, ⊗, k, a, λ, ρ, c) is a braided monoidal category (cf. [14] or [16] ). We are interested in general Hopf algebras in braided categories C. The definition of a Hopf algebra B in C is obtained in the obvious way in analogy with the standard axioms [18] . Thus, a bialgebra in C is (B, m, η, ∆, ε) where B is an object in C and the morphism m : B ⊗ B → B gives a multiplication that is associative up to the isomorphism a. Similarly for the coassociativity of the comultiplication
The identity in the algebra B is expressed as usual by η :
In addition, ∆ is required to be an algebra morphism where B ⊗ B has the multiplication m B⊗N , defined as the composition (1.51)
A Hopf algebra B is a bialgebra with a morphism S : B → B in C (the antipode) satisfying the usual axioms m
Let C be a braided category. Let C be equal to C as a monoidal category, with the mirror-reversed braiding c M,
For a Hopf algebra B ∈ C with bijective antipode, we define B op , B cop and B op,cop by
and the other structure morphisms remain the same as for B. It is well-known (see for example [2, 19] ) that B op and B cop are Hopf algebras in C, and B op,cop is a Hopf algebra in C.
Yetter-Drinfeld modules over a quasi-Hopf algebra
In this Section we will investigate the relations between the various kinds of YetterDrinfeld modules (
Similar computations show that
2) is trivial, the proof is complete.
Remark 2.5. We would like to emphasize that (2.13), which can be rewritten as
was chosen in such a way that (2.3) holds; it is remarkable that (2.1) then also holds.
We are now able to prove the main result of this Section; it generalizes [17, Prop. 6, (b)]. Proof. We will show that the functor F defined in Proposition 2.4 has an inverse. Applying Proposition 2.4 to the quasi-Hopf algebra H cop , we find a functor F cop :
H , we obtain a functor G : 
for all m ∈ M . Hence, we have proved that G(F (M )) = M . Replacing H by H cop , the same proof shows that F (G(M )) = M , and the proof is complete.
We will now show that categories of right-left and right Yetter-Drinfeld modules are also isomorphic to the category of left Yetter-Drinfeld modules. For a quasibialgebra H, we define 
The category of right-left Yetter-Drinfeld modules is denoted by
) such that the following relations hold, for all m ∈ M and h ∈ H:
The category YD H H consists of such objects and morphisms which intertwine the H-action and the corresponding H-coaction.
Before we prove that all these categories are isomorphic, we first recall some generalities. (i) Let H be a quasi-bialgebra and F = F 1 ⊗ F 2 ∈ H ⊗ H a twist with inverse
Then there exists a braided isomorphism between the braided categories H H YD and
YD. Following [6] , this functor is the identity on objects (regarded as left H-modules) and morphisms, with the monoidal structure Ψ given by multiplication by
YD with the same H-action, and with coaction given by
The inverse of this functor is the following.
Now replace H by H cop , and apply the above construction again. Then there exists a braided functor
with the same H-action, and with coaction given by
for all m ∈ M . Moreover, this functor provides a braided isomorphism; its inverse is the following. If M ∈ H F YD H F , then M ∈ H YD H with the same H-action, and with coaction given by
(ii) The formulae (1.11) and (1.16) express the fact that the antipode S is an isomorphism between the quasi-bialgebras H op,cop and H f , where H f is the quasiHopf algebra H twisted by Drinfeld's element f defined in (1.13). Moreover, since 
If we compute the connecting isomorphisms explicitly, then we obtain the following:
H with structure maps:
• Conversely, if M ∈ H YD H , then M ∈ H YD H as follows:
In a similar way, we have:
This isomorphism can be made explicit as follows.
•
completing the proof. (1.17-1.18 ).
Corollary 2.9. If H is a quasi-Hopf algebra then
H YD H ∼ = YD H H ∼ = H H YD ∼ = H YD H .
The rigid braided category
M : M → H ⊗ M , λ M (m) = m (−1) ⊗ m (0) ).
Then the compatibility relation (2.3) holds if and only if
Proof. Suppose that (2.3) holds. For any h ∈ H and m ∈ M we compute that
Conversely, assume that (3.1) holds; in particular we have that
We then compute, for all h ∈ H and m ∈ M : 
is the twist defined by (1.13), with inverse
With the notation (2.21), (3.4) and (3.6) can be rewritten as
Here f is the Drinfeld's twist defined in (1.13) and
. It follows that M * with the H-action defined by (3.3) is a left H-module. We use the following notation for the comultiplication ∆ f and the reassociator Φ f on H f .
f . For all m * ∈ M * , we have that
which is the relation (2.1) for our structures on M * . It is not hard to see that (1.11) implies that ∆ f (S(h)) = S(h 2 ) ⊗ S(h 1 ), for all h ∈ H, and therefore 
2 are the elements defined by (1.18), (1.20) , (1.13) and (1.14), and
We write q L = q 1 ⊗q 2 = Q 1 ⊗Q 2 , and then compute for all m * ∈ M * and m ∈ M :
In H f we have the following properties (see (2.25) and (1.10)):
Using (1.16-1.18) we obtain that
where p L = p 1 ⊗p 2 and q L = q 1 ⊗q 2 are the elements defined in (1.19-1.20) .
Specializing the relation (3.1) to the category
for all h ∈ H and m ∈ M . Now, if we denote by P 1 ⊗P 2 another copy of p L , then we compute: 
The canonical isomorphisms in
If C is a braided rigid category then, for any two objects M, N ∈ C, there exist two canonical isomorphisms in C:
In this section our goal is to compute explicitly the above isomorphisms in the particular case
. Then we will specialize them for the category of finite dimensional modules over a quasitriangular quasi-Hopf algebra. Let C be a rigid monoidal category and M, N objects of C. If ν : M → N is a morphism in C, following [14] we can define the transposes of ν as being the compositions (4.1)
On the other hand, if C is a rigid braided category then there exist functors M → M * and M → * M which are inverses to each other. Indeed, it is easy to see that
satisfies the axioms of left dual of M * and (M, coev
satisfies the axioms of right dual for * M . Therefore we have an isomorphism
defined as follows (see [16] ): (4.3)
M is given by the composition (4.4)
In a similar way, we have an isomorphism θ
. We also have a natural isomorphism Θ M : M * → * M given by (see [2] ): (4.5)
Its inverse is the following composition (4.6)
Thus the functors M → M * and M → * M are naturally isomorphic. We conclude that
We will apply these results in the particular case where C = H H YD fd .
1) The maps ν * and * ν coincide with the usual transposed map of ν. Indeed, by (4.1) and (1.6), we have that
where ( i n) i=1,t is a basis of N and ( i n) i=1,t its dual basis. A similar computation shows that * ν( * n) = * n • ν for any * n ∈ * N . 2) It is not hard to see that the map θ M defined by (4.3) is given by 
for any * m ∈ * M , where
Therefore, we obtain the following result.
Proposition 4.1. Let H be a quasi-Hopf algebra and M, N ∈
for all m * * ∈ M * * , where
The inverse of r Γ M is given by r Γ −1 
Proof. Straightforward, we leave the details to the reader. Now, we will focus on the second isomorphism. Let C be a braided rigid category and M, N ∈ C. By [2] there exist natural isomorphisms
The inverse of φ * N,M is given by the following composition.
In a similar way, we can define 
is an isomorphism of Yetter-Drinfeld modules. Here p R = p 1 ⊗ p 2 and q L = q 1 ⊗q 2 are the elements defined in (1.17) and (1.20) . The inverse of σ * M,N is given by (4.19) σ
In a similar way, the map
is an isomorphism of Yetter-Drinfeld modules;
are the elements defined in (1.18) and (1.19) . The inverse of * σ M,N is given by
Proof. We will show that σ *
N * ,M * , where φ * N,M is given by (4.16). We first calculate φ * N,M . As before, we write q R = q 1 ⊗ q 2 and p R = p 1 ⊗ p 2 = P 1 ⊗ P 2 , and then compute for all n * ∈ N * , m * ∈ M * , m ∈ M and n ∈ N that:
Using (4.17) or by a direct computation it is easy to see that
Also, it is not hard to see that (1.9) and (1.16) imply that (4.23)
The same relations and (2.26) imply that
Using (4.23), the axioms of a quasi-Hopf algebra, again (1.9) and (1.16), and finally (1.27) we obtain the following relation:
be other copies of f and p R . For m * ∈ M * , n * ∈ N * , m ∈ M and n ∈ N we calculate:
(4.18) = σ morphism * σ M,N can be proved in a similar way. We only notice that
Let (H, R) be a quasitriangular quasi-Hopf algebra. Then we have a monoidal fuctor F : H M → H H YD which acts as the identity on objects and morphisms. For M ∈ H M, F(M ) = M as a left H-module, and with left H-coaction given by and M ∼ = * * M as H-modules. We will compute explicitly these isomorphisms. Applying (1.40) twice, we obtain that (4.27)
where F is the twist defined by (4.12) and
for all m * * ∈ M * * . A similar computation tells us that
for all m ∈ M , which is equivalent to r Γ −1
and m ∈ M . In this way we have recovered the isomorphismψ : M → M * * given in [8] . Moreover, in this particular case,
, and this finishes our computation.
Remark 4.4. The element u plays a central role in the theory of quasitriangular Hopf algebras. It is therefore natural to try to generalize its properties to the quasi-Hopf algebra setting. The major problem in [5] was to find the inverse of the element u defined in [1] . Now, if we forget the definitions of u and u −1 in the quasi-Hopf case, combining Corollary 4.3 with the similar result in the Hopf case we will obtain in a natural way the definitions for u and its inverse u −1 . 
for all m * ∈ M * , n * ∈ N * , m ∈ M , n ∈ N , where R −1 := R 1 ⊗ R 2 is the inverse of the R-matrix R. Note that it is just the isomorphism µ M,N defined in [8] . Also, (1.36) implies that the isomorphism * σ M,N :
for all * m ∈ * M , * n ∈ * N , m ∈ M and n ∈ N . Finally, it is not hard to see that Remark 4.6. Continuing the ideas of Remark 4.4, we notice that the above Corollary suggests the two formulae (1.36) and (1.42) for the inverse of the R-matrix R, and, also, the formula (1.40). All these formulae where first proved by Hauser and Nill [13] in the case that (H, R) is a finite dimensional quasitriangular quasi-Hopf algebra. They also used the bijectivity of the antipode.
Applications
Let B be a Hopf algebra in a braided rigid category C. Then B * and * B are also Hopf algebras in C, see [2, 19] . The structure maps on B * are the following ones: Proof. We only have to prove that Θ H0 is an algebra and coalgebra morphism in 
